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PROBLEMA 1
1 ¢t X
Sa se calculeze limn ——I —dx |.
oo | 20 91+e
(Gazeta matematicd)
Solutie:
h h X + xdx
S [ x = [xdx—[——dx = [—— Avem ... 2p
2 vl+e 5 y1+e s 1+e
0< ans% PENtIU OFICE ..ot 2p
l+e e
1 1 1 —nx -nx |1 1 4-nx
Rezulta OSI an ije’“xdx:jx _g dx = —x 2 +Ie dx
o l+e™ 9 0 n nij ¢n
e™ |1 1 g™ e e ™1 g @M 1
=—X + dx=——— = —+—=. 2
n o -([n n n*le n n® n P
. 1 1
Atunci 0<Ilimn ——j—dx <lim| —— =0, deci
nox (2 d]4e" ool e n n
1
limn E—J‘ anxdx =0. 1p
e (2 vl+e
PROBLEMA 2
Calculati jxarctg;dx x €(0,).
X +x+1
Solutie:
. 1 1 . 1 «»
Sestieca  arctg—; =arctg ——arctg—— si arctg x+arctg— = —, VXe(O,oo). 2p
X“+Xx+1 X X+1 X 2

Rezulta I xarctg ;dx (xarctgl—xarctg L] dx =
X2+ x+1 X Xx+1
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= —j xarctg xdx +I xarctg (x+1)dx =

—_[{ ]arctg x+1 dx— J'( jarctg xdx =

1p

2

X2 NG 1 X X
= — t 1 — —'—d - t - d =

2arcg(x+) .[2 1+(x+1)2 X 2arch+I2 T X

x> x +1-1, 1¢xX*4+x+2-x-2
?(arctg(x+1 —arctg x )+ I ] x-=| ., W= 1p

2

X_(arctg(x+1) arctgx)+;x arctgx—§x+ J‘XXJ;ZZ =

+ X+

1 1,2x+1+3
arctg(x+1)—arctg x)—arctg X +—-— X = 1
(arctg (x +1) ~arctgx) —arctgx+ 22 -5 = P

(arctg(x+1) arctg x)—arctg X+%|n<x2 +x+2)+§.|'d—x2 _
(x+;j !

1
X+

X2 1
=~ (arct 1)-arctg x)—arctg X+~ In( x> 2)+ t
2(arcg(x+ )—arctg x) arctgx-+ n(x + X+ ) \/_arcg \/_

N|><N r\’|><v\> )

2X+ +C. 2p

X2 1 3
=?(arctg(x+1)—arctg x)—arctg x+ZIn(x2 +x+2)+ 2\/7a

PROBLEMA 3
k
Fie G=(—k,k) unde k>0 si operatia X>l<y—M :
k® + xy

a) Aratati ca G este parte stabila in raport cu operatia *

b) Fie f:R—>G, f( )=i|nXLk . Aratati ca f este izomorfism intre grupurile (R,+) si (G,*)

Solutie:
i y—k<0.. 1p

A-k<x<k=x+k>0six—k<0; ~k<y<k=y+tk>=0siy
(-'X+k)[:1:"+ kj}u:)_'X'l,_:r_'_k = — k(_’x—'-'l,:f :)_1::;:1.-'-:}}}
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(x—k(y—k)=0=2xy+ k2= k(x+y) =120 "'“:’} e = N 1p
—1{’;'1:”-:: 1= k-{k'i—ﬂ}{k k=0 =G parte stabila .....o.oooooovervvro.. 1p
b) Demonstrarea bijectivitatii functiel £ ...........ccoeieiiiiiiiiiiceeeeeeee e 2p
x—k (x—k)-(x+k) _ 1

f(x) este continud si derivabila pe (-k,k) cu £ (x) = Pra e S

f(x)=0,vxe(—k k) = f —strict crescitoare

lim f(x) = w xl_i:n}kf(x] = —w

x—k
= f(x) - functie bijectivi
Demonstrarea ci functia f este morfism, adicd f(x * ¥) = f(x) + F(¥) v, 2p
HERSYINN
kZ +xv + 1 k(x+v)+ K>+ xvy

=1
KZ(x + v) 2k " k(x + ) — (K2 + 1)
KAxT Y g
k*+xy

1
flax=y ——in

1 ( x+k }?-I-k)_ 1 k(x+v)+k*+xy

) J— [ -
flx)+ f(y 2k _g{-l_ n},_k 2k nk[x +y)— (k*+ xy)

c) = flx=v)= f(x)+f(y) = f - morfism intre grupurile (R, +) si (G,=)

PROBLEMA 4

Fie G un grup multiplicativ cu proprietatile : (xy)® =xy*, (xy)* =x*y*, (xy)® =x°y®, Vx,yeG

Sa se arate ca grupul G este comutativ.

Solutie:
Tinand cont de egalititile din enunt, avem :  x*y* =(xy)* = (xy)*xy=x’y°xy de unde xy* =y°x. ...... 2p
Deci x comuti cu Y° si, ca urmare, X comuti cu orice putere intreagd a lui y®. Rezulta xy*" =y>'xVneZ..1p
Analog obtinem x°y® =(xy)® = (xy)*xy=x*y*xy de unde xy* =y*x. Deci xy* =y*xvkez. ... 2p

Numerele 3 si 4 sunt prime intre ele si deci exista n,k eZ astfel incat 3n+4k=1. Putem scrie

3n+4k 3n+4k

xy = Xy = (xy*")y* = (v ) y* = y* (y*'x) = y**x = yx. Deci grupul G este comutativ. ... 2p
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