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PROBLEMA 1
Fie A o matrice patratici de ordinul n care verifica relatia A* = A+1_. S se arate ci det A> 0.
(Gazeta matematica)

Solutie: Din relatia A=A+, rezultd

(A—1,)(A*+A+1,)=Adeunde det(A)=det(A—1,)-det(A> + A+1.) (D) coovereerererrerrnnne. 2p
Dar A*>+A+1,=B*+C?, unde B:A+%In,C:§In. ................................................... 1p
Deoarece matricile B si C comuti , rezultd ci det(A* + A+1, ) =det(B*+C*)>0 (2)......1p
Din (1) si (2) obtinem  det(A)-det(A—1,) >0 (3) coorereiiriiiiiereee e, 1p
Insa  A*—A=1_deci det(A)-det(A+1)-det(A-1)=1 (4)

Din (3) si (4) rezultd si AEt(A+1.)>0  (5) cooeroereereieieeeeeciee e 1p
De asemeneadin A’ = A+, rezulti (det(A))® =det(A+1,), si tinand cont de (5),

avemM TN FINAL AEL(A)S0.. e ettt ae e sae e ens 1p
PROBLEMA 2

Fie X,YeM, (0) si abell” astfel incat XY =aX +bY. Aritati ca XY =YX,

Solutie: XY-aX-bY+ably=ably= (X-bln)(Y-aln)=abln (*) oo 2p
X =Dl INVETSADIIA. ... .oeiiiieiicieiece e 2p

Prin calcul elementar folosind relatia (*) se ajunge la YX = aX+bY, deci XY =YX........... 3p
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PROBLEMA 3

n

. . x . -1 1 1 ]
Fie sirul definit prin In| 2=+ = |== n>2, x =1. Si se calculeze lim ————.
3 (Xﬂ)nzl P [ X 4 X j n % o X In(n +1)

: . i
Solutie: Relatia datd este echivalentd cu 1-——+—=e", de unde

Xn—l Xn
1 1 2
Y T 1 =0 U 2p
Xn Xn—l
Tnsumand primele n—1 egalititi se obtine:
1 1 1 1 1 1 1 L :
—— + - +...+———=e"-1+e" -1+...+e2-1
Xn Xn—l Xn—l Xn—2 XZ Xl
1 1 11 1 1 11 1
———=e?+ed...+e"—(n-1), deci —=e?+e’...+e"—n+2.
Xn Xl Xn
11 1
. . 1 . e2+ed. . . +e"—-n+2
Atunci  lim———— = Ilim = L 2p
e X In(n+1) o In(n+1)

Sirul a,=In(n+1), n>1 este strict crescitor si nemarginit superior, deci se poate aplica

. . en+l _1
teorema Stolz - Cesaro: L = lim TP PP PP PP PTPRPRPRON 1p
n>=In(n+2)-In(n+1)
1
. oemt-] 1 . 1 1
= lim . =lim T e, 2p
oo 1 N+2 1w 1\ e
—— (n+1)In—= Inl 1+
n+1 n+1 n+1

PROBLEMA 4

Fie (a,) . (b)), (C,),., treisiruri de numere reale, cu proprietatea ci pentru orice numar

. . 1
natural n are lor relatia a, +b, +c, =1. Daca Ilm(aﬁ +b? +Cn2):—, aratati ca

n—owo

: . . 1
lima, =limb, =limc, ==.

n—o n—o n—o 3

2 2 2
Solutie: Avem ca (an—lj +(bn—1j +(cn—1] =a§+bnz+cnz—g(an+bn+cn)+3-l=
3 3 3 3 9

:anz+b§+c§—g+£:a§+b§+c§_l_ ........ 3p
3 3
2 2 2
Rezulta lim (an_lj +(bn—1j +£cn_1j :03"m(an_lj:"m(bn—1j="m(cn—lj=0
n—w 3 3 3 n—w 3 n—w 3 n—w 3
:>Iiman=Iimbn:Iimcn:1. ........................ 4p

n—w n—w n—w 3
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