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Barem clasa a Xll-a

Nota: Orice altd rezolvare corectd se noteaza cu punctajul maxim corespunzator problemei.

PROBLEMA 1

Fie multimea G =(k,o0)\{k +1}, k >0, pe care se defineste legea * astfel incat:
log, [(x* y)—k]=1log, (x—k)-log,(y k), (¥)x,y €G,a>0,a =1.

a) Si se arate ci structura algebrica (G,*) este grup abelian.

b) Sa se determine elementele X e G care verifica relagia: X = X", unde s-a notat cu X’
simetricul lui x Tn raport cu legea *.

¢) Sa se arate ca grupul (R*,-) este izomorf cu grupul (G,*).
(propus de prof. Zay Eva - CNS Zaldu, din culegerea Olimpiade si concursuri scolare 2009,

Etapa locala- Galati- enunt modificat)
Solutie
Relatia dati log,[(x*y)—k]=1log,(x—k)-log,(y—k),(V)x,yeG,a>0,a#1k >0
se poate scrie in urmatoarea forma:
log, [(x* y)—k]=log, (x—=k)**"™ x yeG =(ko)\ fk+1}, k >0,a>0,a=1

deunde x*y=k+(x—Kk)°*"™ vx yeG k>0,a>0,a%1 worvrvcceieemrrrreerrrrrrssren 0,5 puncte
a) Stabilitatea lui G n raport cu legea *:

VX yeG=x-ky—ke(00)\{l}=log,(x—k)e R\{0}= (x—k)**"™ & (0,00)\ {1} =

= k+(x=k)* %™ g (k,0)\ k +1} = x*y €G,VX, y €G <> G Stab. oovvvvvvvvvvrrrrrernnen 0,5 puncte
Asociativitatea: (x*y)*z=xx*(y*z),Vxy,zeG

(X N y)* - (k +(X k)loga y— k))>l< s —k+ (k N (X k)loga y—k) k)loga(sz) ke (X— k)loga(y—k).loga(z—k)
xx(y#z)=xx* (k +(y —k)Pntw ): k+(x— k)'°ga(k*(y’k)loga(”)"‘) = K+ (x— K)om0

=K (X K )0l et 1 punct
Comutativitatea: x*xy=y=*X, VxeG

k+(x—k)'°ga(y k) k+(y k)'oga xk) Ioga(y—k)-loga(x—k):Ioga(x—k)-loga(y—k)

Element neutru: JeeG, x*e=exx=X,VxeG
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log, (e—k) log, (x—€)

x#e=x e k+(x—k)*=C = x = (x—k) =x-k <
log, (x—k)log,(e—k)-1]=0,vxe G =log,(e-k)=1=e-k=a=
\

e=k+aecG=(k, )\ {k+1}, k >0,a>0, a=1leste elementul neutru in raport cu legea *.

...................................................................................................................................................... 1 punct
Elemente simetrizabile: V xe G, 3 x' e G astfelincat x*x'=x"*x=¢e
x#x' =e < k+(x—k)*=*" =k +a < log, (X —k)-log, (x—k)=1=>
1
S Y () L L =t B 1 punct
n concluzie (G,*)este grup @DELIAN...............ovvvveevererriesiisciessessie s 0,5 puncte
1 1
b) x=X,xeG=x=k+a"%"* o x—k =a" =" < log, (x—k)] =1
Daci log,(x—k)=1=x=k+aeG, iardin log,(x—k)=-1=x=k Aeg
a
sunt cele doud elemente din G care Verifica Ceringa...........cevvveirireeiieiiiniese e 0,5 puncte
c) Fie functia f:R" -G, f(X)z k+a*,a>0a=1.
) . ) f bijectiva < injectiva + surjectiva
f este izomorfism de grupuri < . o reeeenees 1,5 puncte
f morfism: f(x-y)= f(x)* f(y), VX, yeR

PROBLEMA 2

Se considera grupul (G, ) si elementele a,beG,iar x =aba ™. Si se calculeze
X, x", x", neN.

(propus de prof. Zay Eva, CNS Zaldiu din culegerea Exercitii si probleme pt cl. a XII-a
M. Burtea, G. Burtea, Ed. Carminis, 2001)

Solutie
x? = (aba ™ aba )= ab(a*ajpa* = abba* =ab%a™
x* =x2-x=(ab’a*faba?)=ab’(atabat =ab’a™ ..o 3puncte

presupunem ci X" =ab"a™ pentruun n datsi demonstrim ci pentru n+1 x"" =ab""a"

X" =x"x = (ab”a‘1Xaba‘1)= ab" (a‘la))a‘1 —ab"ba™ =ab™a ™ .., 3 puncte
Deci, x"=ab"a™,VneN =x"=ab’a™ .. 1 punct
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PROBLEMA 3

inx
a) Sase calculeze ISsin )S( = oS de, X e {O, %}
+

- 2 -
5 X+SIN“ X +5sin 2x
b) Sase calculeze_[ > dx, x>1
X —C0S“ X

(propus de prof. Conde Maria — Colegiul National ,,Simion Barnutiu” Simleu Silvaniei)

Solutie
inx X
a) Notam I=j - > :j - cos OX e 1 punct
58INn X+ 7.C0S X 9SIN X+ 7CoS X
51 +7J =x+C,
e ——— 1 punct
—71+5J =In(5sinx+7cosx)+C,
5 7 .
I =—X+—=IN(5SINX+7COSX)+C woovvrrrrinrirrinrinninnininssnsenns 1 punct
74 74
b) @(X)=xX=c05"X, @'(X) =1+SIN2X ccoooorrrererrrierriererereeie 1 punct
- 2 - 2 -
| :jx+sm x+23|n2de:J~x+1 CoS x2+3|n2de:
X —C0S" X X —C0S" X
L sin 2x ...2 puncte
IX c0s” Xdx jgdx X-+In(x—cos’ x)+C
X — C0Ss” x X —C0S” X
1= X+IN(X=C08" X)+C oo e L punC

PROBLEMA 4

Determinati funciile f:[0,1]—> R derivabile, cu derivata continud, care admit o primitiva F,

satisfacand conditiile:
() F(O)=F@)=0;
(ii) xf (x*) = F(x) f '(x), pentru orice x din [0,1].
(Gazeta Matematicd)
Solutie

1 1 1
Integrand pe [0,1] se obtine IF(x)f '(x)dx = F(x) f (X)E) —I f 2(x)dx :—I f?(x)dx .......2 puncte
0 0 0

1

jxf (xz)dx:% [ fat =%(F(1)—F(0))=0 ........................................................................ 2 puncte

0
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1
Scéazand relatiile si folosind (ii) se obtine '[ F2X)AX =0 v 2 puncte
0

Finalizare, f este functia identic NUIA.............cooviieiie i e 1 punct



