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1. feladat (a) Oldd meg az 2% — 2 4+ 2 = 0 egyenletet, ha z € Z.

(b) Hatarozd meg azokat az n > 2 természetes szamokat, amelyekre az
2% — x + 2 = 0 egyenletnek egyetlen megolddsa van x € Z,-ben!

Gazeta Matematica

2. feladat (a) Szamitsd ki:

1
/ x sin(r2?) da.
0

(b) Szamitsd ki:
lim 1 E k" sin(rz?) dz
n—oo N k '

3. feladat. Hatdrozd meg azokat a folytonos és novekvé f: [0,00) — R
fliggvényeket, amelyekre

/ " yar < | s [ s

barmely z,y € [0, 00) esetén!

4. feladat. Adottak az m és n természetes szdmok (n > 2). Az A
gytirtinek pontosan n eleme van és a egy olyan eleme A-nak, amelyre 1 — af
invertdlhaté, barmely k € {m + 1,m +2,...,m + n — 1} esetén. Igazold,
hogy a nilpontens (azaz létezik olyan nem nulla p természetes szam, amelyre
a? =0).

Munkaidé /4 ora.
Minden feladatra 7 pont szerezheto.
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CLASA a XII-a

Problema 1. (a) Rezolvati ecuatia 2> —z +2 =0, z € Z7.
(b) Determinati numerele naturale n > 2, pentru care ecuatia z> —2+2=0,
x € Z, are solutie unica.

Gazeta Matematica

Solutie. (a) Cum 4 §i 7 sunt coprime, iar (Z7, ,+) este corp, ecuatia data
este echivalentii cu 422 — 4z + 1 = 0, adica, (22 — 1)? = 0, deci 2z = 1, de unde
= A 2 puncte

(b) Fie n > 2 un numar natural pentru care ecuatia datd are solutie unica
§i fie a € Z,, solutia respectivd. Atunci (1—a)? - (1—a)+2=0a>-a+2=0,
deci 1 — a este solutie a ecuatiei date. ............... ... ... ....... 3 puncte

Prin urmare, a = 1 —a, deci 2a = 1. In particular, 2 este inversabil in inelul Z,
sia=2"" Rezultdi ca22—-2"14+2=0,deunde 1 —2+8 =0, i.e.,, 7= 0.
Prin urmare, n este un divizor al lui 7, decin="7. ................. 2 puncte

Problema 2. (a) Calculati

1
/ zsin(rz?) dz.
0

(b) Calculati

1 n—1 k1
lim — Z k/ sin(rz?) d.
k=0 “u

Solutie. (a) Fiacand substitutia ¢t = 722, integrala devine

1 [ . 1 ™ 1
ﬂ/o sintdt = %(—CObt) e
.................................................................... 2 puncte
(b) Fie f: [0,1] = R, f(z) = sin(rz?), si F: [0,1] = R, F(x) = f(t)dt.
Atunci ’
n—1 kt1
PRI ARCLEEDS ( (k“) = (3)
n k n n
k=0 n k=




Problema 3. Determinati functiile continue si crescatoare f: [0,00) — R,
care indeplinesc conditia

/ iyt < / " pyde+ / " rya,

oricare ar fi z,y € [0,00).

Solutie. Inegalitatea din enunt este echivalents cu f;_H_y fe)yde < [ f(t)dt,
de unde [ f(t+x)dt < [ f(t)dt, oricare ar fiz > 0 5iy > 0. ....2 puncte

Cum f(t+ xz) > f(t), oricare ar fi t € [0,y] si oricare ar fi x > 0, rezultd ca
Jy ft+z)dt > [ f(t)dt, deci [ f(t+a)dt =[] f(t)dt, oricare ar fi z > 0 si
Y 2 0 2 puncte

Din continuitatea lui f deducem ca f(z+y) = f(y), oricare ar fi x > 0 si oricare
ar fi y > 0. In particular, f(z) = f(0), oricare ar fi z > 0, deci f este constanta.
.................................................................... 2 puncte

Evident, orice functie constanta verifica conditiile din enunt. ........ 1 punct

Problema 4. Fie m gi n doua numere naturale, n > 2, fie A un inel care are
exact n elemente si fie @ un element al lui A, astfel incat 1 — a* este inversabil,
oricare ar ik € {m—+1,m+2,...,m+n—1}. Ardtati ci a este nilpotent (i.e.,
existd un numar natural nenul p, astfel incat a? = 0).

Solutie. Fie k € {1,2,...,n — 1}. Exista p € {1,2,...,n — 1}, astfel incat
m + p este divizibil cu k, deci m +p = kf. Cum 1 —a™*P = (1 — a*)(1 +a* +

co @) g1 — a™tP € U(A), rezultd ci 1 —a® € U(A). ....... 2 puncte
Dinl—a*=(1-a)(1+a+---+a* 1), k=1,2,...,n—1, cu conventia a® = 1,
rezultd ca by =14+a+---+a"tecUA), k=1,2,....,n—1. ..... 2 puncte
Daca by-urile ar fi distincte dous cate doua, atunci A ar fi corp, deci a® ! =1
§i0=1—a""1 € U(A) — contradictie. ..............coeiiiiiiin... 1 punct
Prin urmare, exista 1 < p < ¢ < n—1, astfel incat b, = b,;. Atunci 0 = b, —b, =
aPbg_p. Cum by_p, € U(A), rezultd cd a? =0. ...................... 2 puncte



