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OLIMPIADA NATIONALA DE MATEMATICA
ETAPA LOCALA - BRAILA, 22 februarie 2015
CLASA A X-A

1. Se dau relatiile

5[(x+ y) +log? y} - [x+ log, (2’ - yz)]2 (1)

4 =4y(3x+4). (2)
a) Sa se demonstreze ca nu existd X,y € (0, +oo) care verifica relatia (1).

b) Sa se determine X,y € R care verifica simultan relatiile (1) si (2).

Gabriel Daniilescu, Braila

2. Determinati perechile de numere complexe (u,v) cu |u|=|v|=1 astfel incét
|1—u|+‘v2 +ﬂ = |1—v|+‘u2 +1‘ =42

Marius Damian, Braila

3.Fie mneN, mn=2si X,X%,X,X, €[0,+00) astfel incat x, +Xx, + X, +Xx, =4.

a) Demonstrati ca Q"/ZQ/Z+Q‘/ZQ/Z+Q/Z" X, +Q“/Z-Q/Z£4.

b) Céand are loc egalitatea la a)?

Gheorghe Alexe, Briaila

4. Sa se determine toate functiile f :N— N care indeplinesc conditia:

x+/x—f(x)= f(f(x)), vxeN.

Gabriel Daniilescu, Braila
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Solutie.
5[(x+ y) +log? y} =[x+|og2(2y : yz)]2 <:>5[(x+ y) +log? y} =(x+y+2log,y) <
@5[(x+ y)2+log§ y}:(x+ y+2log, y)2 &
<:>5(x+y)2+5log§ y=(x+ y)2+4(x+ y)log, y+4log; y <
< 4(x+y) —4(x+y)log, y +log? y=0<[2(x+y)-log, y]z =0
<2(x+y)=log, y,

unde xeR si ye(0,+w0).

a) Vom demonstra ca y > log, y, Vye(0,40)< 2" >y, Vye(0,+x).
Notim [y]=neN=n<y<n+1=2" <2’ <2". Se demonstreaza usor prin inductie cd 2" >n+1,
VneN=2"22"2n+1>y=2">y=y>log,y, Vye(0,+»).

Dar 2(x+Y)>Y, VX, ye(0,4+0)=2(x+y)>log, y= Vx,y €(0,+w0) egalitatea

2(x+y)=log, y nu poate avea loc.

b) (1) < 2x+2y=log, y < 2x=log, y—2y < 2x =log, y—log, 2%/ <:>2x:|ogzz—)2/y@
y
o 2% :%@4X:l<:>4_=i_
2y 4y y 4X



Din (1) si (2) obtinem 4—1X =4(3x+4) < (%) =4(3x+4).

Notam f,g:R—>R, f(x)= (%jx si g(X)=4(3x+4) cu f strict desccrescitoare si g
strict crescétoare, deci ecuatia f (X)=g(x) are cel mult o solutie. Dar f (-1)=g(-1)=4=x=-1
este solutia unica a ecuatiei (%JX = 4(3X + 4). Pentru x =—1 obtinem 4’ =4y.

Notam h,h,:R—> R, h (y) =4" si h,(y)=4y cu h_functie convexa si h, functie liniara,

deci ecuatia h (y) =h, (y) are cel mult doud solutii. Dar h (%) =h, (%) =2sih (1) =h, (1) =4=

ecuatia 4” =4y are solutiile y, =% siy,=1.

Deci (x,y) {_1, %) , (_1,1)}.

2. Determinati perechile de numere complexe (u,v) cu |u|=|v| =1 astfel incét
|1—u|+‘v2 +1‘ = |1—v|+‘u2 +1‘ =42.

Marius Damian, Braila

Solutie algebrici. Fie u=a+bi cu a*+b* =1 si v=c+di cu ¢ +d*=1. Atunci
1-u]+ ]V +1 =2 < fl-a-bi|+[c* + 2cdi—d* +1 = V2 & J(1-2a)° +b? +[2¢7 + 2cdi| =2

o 1-2a+a%+b? +2[c||c+di|=v2 & V2-2a +2|c| =2, deci 2-2a>0<a<1si

J2-2a<{2 =2-2a<2<a>0, deci a<[0,1]. Analog \/2—2c+2|a|=\/§:>06[0,1].

J2-2a+2c=+2
J2-2c+2a=+2

- 2-2a-2+2c
J2-2a++2-2c

Astfel, \/2—2a+2a:\/§:>«/2—2a=«/§—2a cu \/E—ZaZO:aS% si

—2-2a+2c=2-2c+2a=>+2-2a-2-2c=2a-2c =

=2a-2c=>a=°c.

2_2a=2-4J2a+4a’ = 4a® = 4J2a—2a.
. a=0;



II.a¢0:>4a:4\/§—2<:>a:\/§—%.D JE——<£:>2J_ 1<2 =2 <1, fals!
Deci a=c=0, b=+1, d=+1.

Problema are patru solutii: (u,v)e {(I i),(—,i),(i,—), (—i,—i)}.

Solutie trigonometricd. Scriem u,v in forma trigonometrica. Existd o, B €[0,27) astfel

incat u=cosa +isina si v=cos S+isin S.

Atunci %e[o,ﬂ):sin%e[o,l] si g [0, ﬂ):>sm €[0,1], deci

[1-ul :\(1—c05a)—isin a‘ =2-2cosa = ‘/4sin2% = Zsin%
B

si analog |1—V| =2sin 5
De asemenea,

‘uz +]J =‘(1+ cos 2a) +isin 204 =2+2c0s20a =~4cos’ o =2|cos a| = 2‘1—25in2%

si analog

_ol_osin2 2
‘v2+q_2‘1 25|n22‘.

Prin urmare, folosind si ipoteza, avem:

2«/§=|1—u|+|1—v|+‘u2+1‘+‘v2+q:(25in%+21—23in2%J+(23in§+21—23in2§0. (1)
Dar
2sin—+2-4sin-—, dac %e 0%}{37” }
2sin < 1 2)1-2sin? & =
2 3

deci apar cazurile:

e Dacia ge O,z ) 3—”,7[ , atunci
2 4 4

E(a)zzsin%+2

2
1—25in25‘ 25|nE+2 4sin2 & = %—(E—ZSin—j.

Cum sin%e[o,g}, avem E(a)e[\/i,z]



e Daca ge(z,g—”j, atunci
2 4 4

2
E(a)=2sinZ+2f-2sin? | =2sinE s asin? & —2=[2sin %4 2] -2,
2 2 2 2 2 2 4
Cum sin%e(%,l}, avem E(a)e(\/i,4).
Cele doua cazuri analizate spun ca expresia
E(a,B)= 2sin + 211 2sin? Z| |+ ] 2sin £ 1 21— 25in2 B
2 2 2 2
are valoarea minima \/E + JE = 2\/5 , 1ar aceasta este atinsd dacd si numai daca «, f € {%,37”}

Tinand cont de (1), deducem ca existad exact patru triplete de numere complexe (u,v) care

verifica ipoteza, anume (u,v) IS {(i, i),(—i, i),(i,—i),(—i,—i)}.

3.Fie mneN, mn>2si X,X%,X%,X, €[0,+0) astfel incat x, +X, +X; + X, =4.

a) Demonstrati ca T/ZQ/Z+Q/ZQ/Z+T/Z UX, +Q/Z-Q/ZS4.
b) Cand are loc egalitatea la a)?

Gheorghe Alexe, Brdila
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== q{f'x_l . :}'foz < (m—14x,)in-1+x,) <

mn

= ':m—ﬂ':n—1}+':m—1}x=+ '::vz—l}:r._+:r._-:x:'z
m-n

Atunci avem

"::.'"x_i . I:-.-"E—i_' . .+”{.’"x_4 - 1},*."'?6_1 =

_4m— D=1 + [n— 1) + (1= DI + 2%+ %2 + %) + (33 +2) (3 + %)

U
(x1+x3]+ (xz +x4j i
2

[xl + :::3] [xz + x4] =

== (2, + )2, +x,) = 4
== '::.'"x_i l.'"E-I-. . .-I-"{.'"x_‘}' "l*.-"x_iﬂ
4m—1)(n—1)+4(m+n—-2)+4

m-mn

T



4dim-n—-m—-n+14+m+n—24+1) 4-m-n
= =

= = =4
m- -1 m -1

== ":*.'xi 1.,."3'5" + '::.'"x_z . l."'x_3+ Tr{f"x_a 1*.'"3:_4+ ’x_4 1*"36_ =4

b) Avem egalitate <==>x, = x, = x; =x, =1 (m, =m,)

4. Sa se determine toate functiile f :N— N care indeplinesc conditia:
X+/x—f (x)=4/f (f (x)) vx e N.

Gabriel Daniilescu, Braila

Solutie. Demonstram mai intai ca f este injectiva
f(x) = f(y) = f(f(x)) = f(f(y)) = x+/x =y + 5 = X =y = finjectiva
Pentru x = 0 = —f(0) = \/f(f(0)) = f(0) =0
Pentrux =1=2-f(1) = /f(f(1)) = 2 — f(1) = 0 = f(1) = 2 si cum (1) # f(0)=f(1)€ {1,2}.
Daci f(1) =2 =,/f(f(1)) = 0= f(2) = 0= {(2) = f(0) = 2 =0, fals. Deci, f(1) = 1 care verifica
ipoteza.
Vom demonstra prin inductie ca f(n) = n, ¥ n€N.
Avem f(0) = 0 si presupunem ca f(0) =0, f(1) =1, f(2) = 2,..,, f(n)=n.
Din injectivitate rezulta f( n+1) = n+1. Daca f(n+1) = n+1 = {f(f(n+1))= n+1=
>nt+l+Vn+1=f(n+1) + JFFn+1)) >n+1+ Vn + 1, fals!

Rezulta f( n+1) = n+1 si conform metodei inductiei matematice rezulta ca f(n) = n, ¥ neN.



